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Null Tetrad Formulation of Non-Abelian Dyons
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Starting with a brief description of dyons and gravito-dyons, combined field
equations and the equation of motion for generalized electromagnetic and
generalized gravito-Heavisidian fields are derived in a manifestly covariant way.
A non-Abelian gauge theory of dyons and gravito-dyons is described in terms of
a generalized Yang—Mills potential, field strengths, and generalized field equa-
tions each carrying electric and magnetic constituents. A null tetrad formulation
of a generalized Yang-Mills potential and field strength of dyons is discussed in
detail in terms of symmetric spinors and spin coefficients. Generalized Yang-
Mills field equations of dyons are rewritten in terms of null tetrad notation, and
dyon solutions of source-free Dirac equations are obtained.

1. INTRODUCTION

The theory of magnetic charge, propounded by Dirac (1931) for the
symmetry of Maxwell’s equations, in a manifest way was based on “‘classi-
cal magnetic monopole” without prediction of its mass. If the “classical
electron radius” is equal to the “classical monopole radius,” the mass of
monopole becomes M, =4700m, ~2.4 GeV (Craigie, 1986). Such
monopoles are known as pointlike monopoles. 't Hooft (1974) and
Polyakov (1974) examined the existence of monopoles in grand unified
theories and estimated the monopole mass M,, ~ M, /a,, where M, is the
scale of symmetry breaking leading to the U(1) factor and «, is the
unification coupling constant. Such monopoles are known as superheavy
monopoles, with their estimated mass M,, ~ 10'® GeV. In supersymmetric
grand unified theories the monopoles seem to be more massive and if
gravity is taken into the unifying picture, then monopoles could be even
more massive, M,, ~ 10" GeV (Craigie, 1986). Magnetic monopoles of
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lowest mass are expected to be stable since magnetic charge should be
conserved like electric charges. Observations made by Cabrera (1982) also
aroused the interest of many to study monopoles and their potential
importance in connection with quark confinement ("t Hooft, 1976; Cho,
1980), the magnetic condensation of vacuum (’t Hooft, 1981), CP violation
(Witten, 1979), proton decay (Rubakov, 1982; Callan, 1982), grand unified
theories (Georgi and Glashow, 1974), and supersymmetry. Despite of the
enormous potential importance of monopoles, the formalism necessary to
describe them has been clumsy and manifestly noncovariant. For instance,
in addition to the problem raised by the Dirac (1931) veto, there is
Goldhaber’s (1976) paradox about the spin-statistics relationship. This
paradox could be solved only by taking electric and magnetic charges
together (i.e., dyons). Schwinger (1969) give the existence of such dyons
was pointed out by Julia and Zee (1975) by extending the ’t Hooft—
Polyakov model in the non-Abelian gauge theory of monopoles.

Quantum mechanical excitations of the fundamental monopoles in-
clude dyons. Dyons arise automatically from the semiclassical quantization
of the global charge rotation degrees of freedom of monopoles. In connec-
tion with the explanation of CP violation in terms of nonzero vacuum
angle (Witten, 1979) of the world. The monopoles are necessarily dyons
and the Dirac quantization condition permits dyons to have an anomalous
electric charge. The existence of these dyons can remove the objections
(Goldhaber, 1976) to the spin-statistics relationship for monopoles and
also those raised by pantaleone (1963) toward the experimental results of
Fairbank et al. (1981). On the other hand, Carmeli (19774,b, 1982; Carmeli
and Huleihil, 1984) described a null tetrad formalism of the Yang—Mills
field equations and derived the exact solutions of the Yang-Mills source-
free equations, written in null tetrad notation. These solutions include both
“electric” and “magnetic” charges and may also be considered as dyon
solutions.

Cabibbo and Ferrari (1962) introduced the idea of two-four potentials
for avoiding arbitrary string variables. Rajput ez al. (1983a, 1984, 1986,
1988) constructed a manifestly covariant self-consistent quantum field
theory of dyons each carrying generalized charge, generalized potential,
generalized current, field, and generalized field strength antisymmetric
tensor as complex quantities with electric and magnetic charges as their real
and imaginary constituents. Rajput et al. (1983b, 1986; Rajput and Kumar,
1983) analyzed the behavior of dyonic fields in non-Abelian gauge theory
and developed (Rajput et al., 1982, 1985) quaternionic formulation of
generalized fields of dyons. Cantani (1980) and Bisht er al. (1990) postu-
lated the existence of dual mass (Heavisidian monopole) in a linear
gravitational field, and keeping in view the discrepancies of the Dirac



Null Tetrad Formulation of Non-Abelian Dyons 2101

(1931) veto, the structural symmetry between generalized electromagnetic
and gravito-Heavisidian fields of dyons (gravito-dyons) was demonstrated
by Rajput (1982, 1984; Rajput and Gunwant, 1989) and the relevant
unified field equations were derived in a unique, consistent, and symmetri-
cal way. A quaternion gauge theory of unified non-Abelian fields of dyons
and gravito-dyons was constructed by Bisht et al. (1991a) and the corre-
sponding quantum equations were derived.

Considering the resemblance between null tetrad components and
2 x 2 Pauli spin matrices, Bisht er al. (19915) constructed the spinor
equivalents of generalized fields of dyons and derived the relevant quantum
equations of dyons by means of null tetrad notation. Extending the null
tetrad formalism to the case of a non-Abelian Yang—Mills field, in the
present paper we reformulate the generalized Yang—Mills potential and
field strength of dyons in terms of null tetrad notation and derive the
corresponding field equations in a unique and consistent way. Starting with
a brief description of dyons and gravito-dyons, we combine the generalized
fields of dyons and gravito-dyons and derive the corresponding field
equations and equation of motion in a manifestly covariant way. The
non-Abelian gauge theory of dyons and gravito-dyons is reformulated from
two Yang—Mills gauge potentials associated with the electric and magnetic
coupling parameters of dyons. The spinor equivalents of the generalized
Yang-Mills potential and field strength antisymmetric tensor of dyons are
constructed in terms of symmetric spinor components by means of null
tetrad notations and spin coefficients. A null tetrad formulation of ‘non-
Abelian dyons is also constructed in flat space-time and corresponding
Yang—Mills field equations are also derived. It is emphasized that two
potential descriptions of dyons are compulsory in the Abelian case while in
the non-Abelian case dyon solutions are obtained in terms of duality
transformations between spinors, potentials, and fields. It is shown that
dyon solutions exhibit both electric and magnetic charges.

2. GENERALIZED ELECTROMAGNETIC FIELDS OF DYONS

The generalized charge on dyons is defined as

g=e—1ig (2.1)

where ¢ and g are, respectively, the electric and magnetic charge. Two
four-potentials {4,} ={Q°, A} and {B,}={Q% B} were introduced by
Rajput er al. (1982, 1984, 1988) to avoid the use of arbitrary string
variables, and are known as electric and magnetic four-potentials, respec-
tively. These two potentials lead to the following covariant forms of the
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Maxwell—Dirac equation (in terms of natural units ¢ =% = 1):
Fyv,v zju
Fi,,=k,

uv,y
where {j,} ={p° j} and {k,} ={p™ k} are, respectively, the electric and
magnetic four-current source densities of dyons and

(v =0,1,2,3) (2.2)

F,,=E, —HY, (2.3a)
Fd =H, +E, (2.3b)
E,=A,—A4,, (2.3¢)
H,=B, —B,, (2.3d)
Ed =1e, B (2.3¢)
HY =1, H" (2.3f)

In equations (2.2) and (2.3) the symbol d denotes the dual part, a comma
represents partial space-time derivative, €, is a 4-index Levi-Civita symbol,
and y, v, B, and o are space-time indices having values 0, 1, 2, 3. Assuming
the generalized four-current and generalized four-potential of a dyon as

J,=Jj.— ik, (2.4
V,=A4,—iB, (2.5)
with the help of equation (2.2), we write the following generalized field
equation of dyons:
(2.6)
where
G, =F, —iFg, 2.7
is called the generalized electromagnetic field tensor of dyons. Equations

(2.2) and (2.6) are invariant under Lorentz transformations and duality
transformations,

(F, F*)=(F cos 8 + F?sin 6, — F sin § + F¥ cos 6) (2.8a)
(4,,B,)=(A,cos 0 + B, sin0, —A4, sin 6 + B, cos 0) (2.8b)
(Jur k) = (j, cos @ +k, sin 0, —j, sin 6 + k, cos 0) (2.8¢)
where we have used
8 _Bu_ki_ _
PRt tan 0 (2.9)
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so that the generalized charge of a dyon (2.1) may be expressed as
g=|gle " (2.10)

In addition to dual symmetry, the covariant field equation (2.6) leads to the
following conservation laws (Bisht et al., 1991b; Rajput and Prakash Om,
1978):

(a) Invariance under a pure rotation in charge space or its combina-
tion with a transformation containing simultaneous space and time reflec-
tion (strong symmetry).

(b) A weak symmetry under charge reflection combined with space or
time reflections (not both).

(c) A weak symmetry under PT (combined operation of parity and
time reversal) and a strong symmetry under CPT (combined operation of
charge conjugation, parity, and time reversal).

3. FIELDS ASSOCIATED WITH GRAVITO-DYONS

Postulating the existence of a dual mass associated with the gravimag-
netic (Heavisidian) field playing the role of the monopole in the linear
theory of gravitation and keeping in mind the difficulties faced by Dirac
(1931) veto-like electromagnetism, Rajput ez al. (1982, 1984; Bisht et al.,
1990; Rajput and Gunwant, 1989) describe a theory of particles carrying
simultaneously gravitational and Heavisidian charges (i.e., gravito-dyons).
The generalized charge of a gravito-dyon is defined as

g=m—ihi =/ 1) (3.1)

where m and h are masses (charges) associated with gravitational and
Heavisidian (g-magnetic) fields. Adopting the same method as in Section 2,
we write the following tensorial form of the Maxwell-Dirac equation for
gravito-dyons:

f PR —j(G)
' - (3.2)
vy = “.]u

where {JG} and {J}'} are, respectively, gravitational and Heavisidian
four-current source densities and

fw=L, — K4, (3.3a)

¢ =K, +L% (3.3b)
L,=a,,—a,, (3.3¢)
K,=b,,~b,, (3.3d)
Lé, =3€,pe L7 (3.3¢)

Kd =1, K" (3.3)

HYpo
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where {a,} and {b,} are, respectively, gravitational and Heavisidian (g-
magnetic) four-potentials, and other symbols have their usual meaning as
in Section 2. Like electromagnetism, the theory of gravito-dyons describes
the existence of generalized charge, potential, current, and generalized field
tensor as complex quantities with their real and imaginary parts as gravita-
tional (g-electric) and Heavisidian (g-magnetic) constituents, i.e.,

v,=a,—ib, (generalized four-potential) (3.4)
5, =j — i (generalized four-current) (3.5)
8 =fow — if (generalized field tensor) (3.6)

Equations (3.2) and (3.6) can be combined into the following covariant
field (Maxwell-Dirac) equation for generalized gravito-Heavisidian fields
of gravito-dyons:

g;w,v = _Su (3‘7}

Equation (3.7) is the generalized field equation (i.e., Maxwell-Dirac
equation) in covariant form of gravito-dyons. This equation is invariant
under Lorentz transformations, gauge transformations, and duality trans-
formations and also follows the conservation laws, like the generalized
electromagnetic fields of dyons given in Section 2. A gauge-covariant and
rotationally symmetric theory of the angular momentum operator for
gravito-dyons has already been described by Rajput (1982, 1984) in terms
of structural symmetry between the generalized electromagnetic fields of
dyons and the generalized gravito-Heavisidian fields of gravito-dyons. The
duality transformation (2.8) also holds good for generalized fields of
gravito-dyons in terms of structural symmetry. In other words, we interpret
the results of the generalized theory of gravito-dyons as gravitational
analogs of the generalized electromagnetic fields of dyons.

4. COMBINED GRAVITO-HEAVISIDIAN AND
ELECTROMAGNETIC FIELDS OF DYONS

We are now in position to combine the generalized electromagnetic
fields of dyons and the generalized gravito-Heavisidian fields of gravito-
dyons by enlarging their Abelian gauge group structures. Let us start with
the Lagrangian density of these two fields. The total Lagrangian density
which couples the gravito-Heavisidian and electromagnetic fields of dyons
may be written as

L = LEM + LGH (4'1)
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with
Ley=M —3GLG* + 3V FJ* + he. (4.2a)

and
Lou=M —3gtg” +5v}s*+he. (4.2b)

where h.c. denotes Hermitian conjugate, and the other terms have already
been explained in Sections 2 and 3. The effective mass M of dyons and
gravito-dyons is defined as

Myg=m— (0 —1)/2h (4.3)

where a = + 1 for generalized electromagnetic fields and « = — 1 for gener-
alized gravito-Heavisidian fields of dyons. The Lagrangian density given by
(4.1) yields the field equations (2.6) for generalized electromagnetic fields
and equation (3.7) for generalized gravito-Heavisidian fields of dyons. The
Lagrangian density (4.1) also yields the following forms of the Lorentz
force equation of motion respectively for generalized electromagnetic and
generalized gravito-Heavisidian fields:

MX, = Re(q*G,,U”) (generalized electromagnetic fields) (4.4)
and
Mx, = Re(Q*g,,u") (generalized gravito-Heavisidian fields) (4.5)

where {1’} is four-velocity of particles, %, is the four-acceleration, and Re
denotes the real part. We can write equations (4.1) and (4.2) as

L=-M—Yghe" +GLG") +Xv}s*+ V;J¥ +he. (4.6)

and the combined field equations and Lorentz forces as
0"(Gyy +8uw) =, —s,) (4.7
MX, = Re(Q*g, v’ +q*G,,U") (4.8)

In deriving the equations of motion (4.8) we have taken into account
the standard relation between four-velocity, four-current, and the respec-
tive charges of the generalized fields. To put the gravito-Heavisidian and
electromagnetic fields of the dyons in a compact form in terms of single
charge and potential, etc., let us define the combined generalized charge of
these two dyons as

Z=q-jQ (4.9)

where j =,/ — 1 is an imaginary quantity other than i = ./ —1 given in
Sections 2 and 3, g and Q are, respectively, given by equations (2.1) and
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(3.1), and i - j follow the relations
j=—ji=k (say)
and
i) =@y =—j
Gy =i(j) =i
k= —ki=—j (4.10)
ki=—jk =i
P=2=k=—1

As such, equation (4.9) is a quaternion with basis elements (1, i, j, k) and
the combined electromagnetic and gravito-Heavisidian fields are quater-
nion-valued quantities,

Z = (e —ig) —j(m — ih)
=e —ig—jm—kh (4.11)

Similarly, we write the potential, field tensor, and current source densities
of the combination of generalized fields of dyons and gravito-dyons as

C,=A, —iB, —ja, — kb, (4.12)
W, =F, —iFi —jf., —kf4, (4.13)
ju =j/4 - i]:u —.]..jitG) - kjElH) (414)

The quaternion conjugate charge of combined electromagnetic and gravito-
Heavisidian fields of dyons is defined as

Z=e+ig+jm+kh (4.15)

The Lagrangian density may be written as follows in a compact, simpler,
and consistent form:

L=—M—iW,G,n*n" +3C,jn" + qe. (4.16)

where g.e. denotes quaternion conjugation values and #** is the flat-space
time metric with signature 2. The combined gauge-variant momentum then
may be written as

P,—p,—3Zc, + qe.
=p,—eA, —gB,—ma, —hb, (4.17)
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which leads to the equation of motion (4.8) into the following compact and
simpler form:

Mx, =(ZW,, +qe)u’
—1ZW, 0’ +qe. (4.18)

The Lagrangian density (4.16) also yields equation (4.18) and the following
convenient simple and compact form of the field equation (3.14):

W,

FIrAY

=7,

(4.19)

Here we have combined the generalized electromagnetic and generalized
gravito-Heavisidian fields into simple and compact quaternionic forms.

5. NON-ABELIAN GAUGE THEORY OF DYONS

Now we extend our theory of dyons given in Section 2 for the Abelian
case to non-Abelian Yang—Mills gauge theory. The invariance of the
generalized field equations of dyons in non-Abelian gauge theory is ob-
tained under local gauge transformations:

Yoy =Sy .0

where S is the local gauge group clement of a 2 x 2 unitary unimodular
SU(2) isospin rotation group and describes the isospin doublet. Identifying
the generalized potential ¥, of dyons as the Yang—Mills potential in terms
of 2 x 2 Hermitian matrices in internal gauge space, all the derivatives of y
are defined as covariant derivatives,

V,=0,—q*V,(x) (5.2)

where the vectors and cross product ( x ) are defined in internal space, and
q is a coupling constant. The non-Abelian gauge field strength is therefore
defined as

G, =V, -V, +ig*[V,,V,]
=G,, +ig*V,,V,] (5.3)
where
G

For gravito-dyons the coupling constant ¢ plays the role of generalized
mass, while in general it is identified as the generalized charge or isospin
charge in the Yang—Mills gauge space.

In the internal two-dimensional complex space introduced at each
point of Minkowski space-time, the charged field described by ¥ in SU(2)

w=V,, =V (54

By v.p
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is replaced by exp{iA°%(x)} is SU(2) x U(1), where A°(x) is a phase factor
for U(1). Then the basis spinors of this internal space are acted upon by
the following elements of SU(3):

S = 8(x) exp[ —iA°(x)] (5.5)

under this gauge transformation, the 2 x 2 matrix potential V, and the
matrix field tensor G, transform as

vV, =8§-v,§-8§-14,8 (5.6)
and
G,=5"'G,8 (5.7

Instead of matrices V, and G,,, we may define the gauge potential V,, and

uvo

the gauge field strength G,,, as
V,=V,TI* (5.8)
G, =G, I (5.9

where repeated indices are summed over 1, 2, 3. The matrices I', describe
the infinitesimal generators of the group SU(2) and satisfy the commuta-
tion relation

[Ta, Ty = i€ T (5.10)
Let us write equation (5.3) as
Gawr =0 Vo — 0, Voy + 4% Vi Vo (5.11)
G = Gy + 0% €. Vi, Ve (5.12)
The covariant derivative of the field tensor G, is given as
Vg, =0"G, +ig*V' x G, =J, (5.13)
or
V' =0"Gopy + q¥€s VPG = J o, (5.14)
where
J, =i, +ig*V' x G, (5.15)
and
Jop =Jou + 4*€p V"G rpy (5.16)

are the generalized four-current with field associated with dyons. From
equations (5.15)—(5.16) we get the conserved Noetherian current as

=3, —ig*V' xG,, (5.17)
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which gives

0%, =0 (5.18)
while

V43, =0. (5.19)

These equations show that Noetherian current j, is conserved while the
generalized non-Abelian current J, is not, but satisfies a generalized
conservation law on replacing the ordinary derivative by the covariant
derivative.

6. NONABELIAN GAUGE THEORY OF DYONS

In order to extend the theory of generalized gravito-Heavisidian fields
of gravito-dyons to the non-Abelian case and to apply the Yang—Mills
method to the gravitational field, the use of spinors is usually considered.
Though our theory of gravito-dyons resembles the generalized electromag-
netic fields of dyons, still it is hard to describe the isospinors with this
theory, as we do not have the known internal quantum number in the
linear theory of gravitation. Therefore we apply the method of spinors to
extend the Yang—Mills method to generalized gravito-Heavisidian fields of
gravito-dyons. For this case we consider the non-Riemannian space-time of
Einstein’s nonsymmetric theory associated with r-dimensional space. In
this case we identify the symmetric part as pure gravitation, and the
antisymmetric part subjected tc an electromagnetic field as gravi-electro-
magnetic [i.e., field coupled by gravito-Heavisidian charge (mass)].
Analogous to the theory of dyons, the generalized four-potential of grav-
ito-dyons is defined as

V,=4,—iB,=b,—iQ*a, (6.1)
with

A,=b,+hla, (6.2a)
and

B, = —mia, (6.2b)

where 5',1 is the usual space-time gravitational four-vector potential and 4,
is the gravito-electromagnetic potential subjected to the antisymmetric part
of the nonsymmetric metric. g, m, and h are described in Section 3 as
generalized charge, gravitational, and Heavisidian charges. Four-potentials
A . and Eﬂ are visualized as gravitational and Heavisidian potentials. These
two four-potentials may be interpreted as potentials describing the coupling
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of the Heavisidian monopole with the gravitational field and the coupling
of gravitational mass with the gravito-electromagnetic potential; the gener-
alized potential V, is described here in terms of 2 x 2 spin matrices.
Adopting the same procedure of generalized electromagnetic fields of
dyons, we describe the invariance under the transformation matrix

S(x) = S(x) exp{ —iA%x)} (6.3)

where S(x) is the local element of group SL(2, ¢) and requires the following

transformation of generalized potential matrix V,:

V=8, 8x) - 51,5 (6.4)
which yields

b, =S8""(x)b,8(x) —§-10,8 (6.4a)

a,=a,+|Q|7'0,A” (6.4b)

where Q = (m* + h?)"2. The transformations of potentials 4,,(x) and B,(x)
may then be written as

A (x)=8""14,(x)S - 810,85 —tan 0 §~'B,(x)S — I sin 6 9, A% (x) 65)
B/, (x) = B,(x) — I cos 0 0, A% (x) '

where 0 =tan~! h/m.
The generalized field tensor for gravito-dyons is then defined as

Gy =0,V,—8,V, +iQ*(V,, V) (6.6)

which is a 2 x2 complex traceless matrix. Here Q* is the complex
conjugate of the generalized mass Q of gravito-dyons. This field strength
may also be written as

G, =G, +iQ*lf, (6.7)
where
G, =0,b, —0d,b, +ig*(,,b,) (6.8)
and
fw=0,a,—0,a, (6.9)

On faking the covariant derivative of equation (6.7), one can write the
following expression for field equations of gravito-dyons:

V'G,y ="G, +ig*V* x G,y =, (6.10)

where for brevity we have taken the Einstein gravitational constant (k = 1)
and J, is the generalized current representing the source of the field of
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gravito-dyons, defined as

J,=j, +ig*V’x G, =J, (6.1
where
Ju=J© — i (6.12)
and yields the following conservation law:
V&, =0 (6.13)

In equation (6.12) j,, the generalized current, is the combination of the
gravitational and Heavisidian currents obtained from the corresponding
potentials.

7. NULL TETRAD FORMULATION OF NON-ABELIAN
DYONS AND GRAVITO-DYONS

Now we reformulate the non-Abelian gauge theory of dyons (given in
Section 5) by means of the null tetrad notation of Newmann and Penrose
(1962). Recently we have reformulated (Rajput e al., 19915) the general-
ized fields of dyons (given in Section 2) in terms of null tetrad notation by
writing spinor-equivalent forms of corresponding fields, potentials, cur-
rents, equations of motion, and gauge-invariant-cum rotationally symmet-
ric angular momentum operators with the extension of the Abelian gauge
group U(1) to the SL(2, ¢) gauge group. Here also we follow the approach
and notations of Carmeli (1977a, 1982), who studied the SL(2, ¢) gauge
theory of gravitation by enlarging the gauge group SL(2, ¢) x U(1) x V(1)
to accommodate gravitation, electromagnetism, and monopoies. The differ-
ence between Carmeli and Huleihil’s (1984) theory for applying the New-
mann—Penrose method to the Yang—Mills field and the theory we are
going to present here is that the former deals with the study of Yang—Mills
gauge theory directly modeled from electromagnetism, while the latter
describes the two-potential theory of dyons. In other words, our theory of
Yang—Mills fields (given in Section 5) is modeled from the generalized
electromagnetic theory (Section 2) of dyons instead of usual electromag-
netism. The generalized fields, potentials, currents, and other quantum
equations for dyons presented here are self-dual.

Following Newmann and Penrose (1962) and Carmeli (1977a,b, 1982;
Carmeli and Huleihil, 1984; Carmeli et al., 1989), we define a null tetrad of
basis vectors /,, n,, m,, and m, introduced at each point of the four-dimen-
sional Riemannian manifold with signature 2. The tetrad is made from two
real null vectors, /, and n,, and a pair of complex null vectors, m, and #,,.
The null tetrad basis vectors /,, n,, m,, and m, are defined in terms of the
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orthonormal basis (U,, V,, W,, Z,), where V), is timelike while the other
three are spacelike vectors, i.e.,

L,=1//2U, + V) (7.1)
n,=1//2(U, - V) (7.2)
m,=1//2AW, +iZ,) (1.3)
i, = 1//2AW, —iZ,) (1.4)

These null tetrads satisfy the following pseudo-orthogonality relations:
P, = —m*m, =1
g g (7.5)

77 JE——— — nlty — mt =
I*l, = m*m, = n*n, = m*m, =0

The generic symbol Z¥p for the null tetrads (/,,m,,n,, m,) with
p=0,1,2,3 yields the following expression for the contravariant compo-
nents of the metric tensor:

8w =ZyZ ™
= 2[]<unV> - m<“rflv>]
=1*n" + I’'n* — m*m’ — m*m# (7.6)

where 7?7 is the flat space-time metric,

01 0 0
1 0 0 0

”pq = 0 0 0 _1 = r’pq (7’7)
0 0 -1 0

and is used to raise and lower the tetrad indices, i.e.,
L=gul n,=gu.ns m,=g,m, m,=g,m (18)

The internal space has been chosen as a two-dimensional complex
space spanned by a pair of spinors and the gauge field equations are the
Newmann—Penrose (1962) equations. One of the advantages of the
SL(2, ¢) approach of Carmeli (1977a, 1982) is the possibility of deriving
equations for Newmann—Penrose spin coefficients in terms of null tetrad
basis vectors and their intrinsic covariant derivatives. The SL(2, ¢) matrix
G, whose elements are written in the following manner, is made up from
the two basis spinors G4 (a, 4 =0, 1):

G=l6i1=(y ) (19)

n® n



Null Tetrad Formulation of Non-Abelian Dyons 2113

The variable 6, , where g; are 2 x 2 Pauli spin matrices for j =1, 2, 3, and
0, 18 a unit matrix, are defined in terms of null tetrad vectors as

) (@b =0,1) (7.10)

" m+

o= lotl =

The intransic derivatives (i.e., the directional covariant derivatives) are
defined as elements of the matrix,

nt

0"V, = Vo | = [0 Vi
D § Voo Vorr
- (5‘ V) - (V?Z, V(:,) (7.1
where
D=V, =1, (7.12a)
V=V,n*=n%0, (7.12b)
0=V,mt=m"d, (7.12¢)
§=V,m*=m"0, (7.124d)
On the other hand, the ordinary derivative 0, is defined as
0, =020, (7.13)
The dyad coefficients of the matrices are given by
Cu =04 C, (7.14)

where the four-matrices C,, have the form

¢ k —
Coo = ( ); Cor = (ﬂ a)

T —€ w =B

o — T —-T
Cio= (l _z>§ Cy = (V _ T)

and C}, is the Hermitian conjugate of C,,.. The 12 elements ¢, k, =, etc., of
the matrices C,, are functions that were first introduced by Newmann and
Penrose and are called the spin coefficients.

Before applying the null tetrad method to Yang—Mills generalized
potentials and fields of dyons, respectively, given by equations (5.8) and
(5.9), let us decompose them into real and imaginary parts,

(7.15)

ReV,=A4,=4,T"=p,T* (7.16a)
ImV,=B,=8B,I"=¢q,T* (7.16b)
Re Gyv = Euv = Fuva re zf;wa I (7.160)

ImG,, = H, =F;,,T*=h,,T* (7.16d)
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where

fyva =p;m,v ~ Dvay + qleabcpvbpuc (7173.)

and

huva = qua,v - qva,u + q2€abcqquuc (717b)

where u, v are space-time indices and q, b, ¢ are Yang—Mills indices for
internal symmetry; G,, is the Yang—Mills gauge field strength modeled
from the dynamics of electric charge and obtained from its gauge potential
A,, and FZ is also the Yang—Mills field strength obtained from another
gauge potential B, responsible for the dynamics of magnetic charge. These
two Yang—Mills gauge field strengths and the corresponding gauge poten-
tials are coupled to the complex gauge field and gauge potential of dyons
by equations (5.8) and (5.9). Let us define the following spinor-equivalent
(i.e., tetrad component) forms of Yang—Mills potentials and fields as:

Pack =0 Puk (7.18a)
Javreak = Ol 0 larf i (7.18b)
Gack = O b Gk (7.18¢c)
oty ek = 00 Lafa {7.18d)

where a, b’, ¢, d’ are spinor indices taking the values 0, 1 and 0, 1’; k is the
Yang—Mills index taking values 1, 2, 3 for the SU(2) group denoting the
vector components in internal space; and p, v are space-time indices taking
values 0, 1, 2, 3 in Minkowski space-time.

Equations (7.18a) and (7.18c) can be combined into the complex form
of the generalized potential of dyons,

Ve = 05V (7.19a)
Vuk = Pﬂk - iquk (7.19b)

Similarly, (7.18b) and (7.18d) couple to the following spinor-equiva-
lent form of the generalized field strength of dyons:

Gab’cd’k = aﬁb’ a:'d’ Guvk (720)
G;zvk =fpvk - ihuvk (720b)

We are now able to decompose real Maxwell antisymmetric tensors with
tetrad components in the following forms:

fab’cd’ =€y (5b'd’ + ¢ac Cra (72 1)
hab’cd’ =€y lpb’d’ + l/’abeb’d' (7‘22)
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where
¢ac = ¢ca = %flz:bc (723)
l/lac = lw[/ca = %hzbc (724)

and ¢,, and ., are complex conjugates of ¢,, and v,, which may be
called the electromagnetic field spinors associated with electric and mag-
netic charges. In equations (7.21) and (7.22) ¢,. and ¢, (and €%, ¢¥¢) are
the Levi-Civita antisymmetric spinors given by

0 1 ac __ 32
eac—<_1 0)—6 = i (7.25)

The spinor indices can be raised or lowered with the help of these
spinors as

£ =e“E, (¢ is a 2-component spinor) (7.26a)
Ce=1C%, (7.26b)

which immediately shows
fa=—28 (7.27)

For every pair of indices we may define a symmetric and antisymmetric
part:

Eup = 2earli+3Eas (7.28)

The tilde over the indices a and b indicates that a symmetric transformation
is to be performed as &5 =&, + &y

Equations (7.18b) and (7.18d) may directly be expanded in the follow-
ing forms in terms of their null tetrad components, on substitution of
equations (7.11)—(7.15):

Javear = CcaPark — OapPearic — |Acd"zprb’k
— Park IA de ‘Z’ + (Au) cPrak
+ Peri(A$a)s + 81 CktmPayrmPea (7.29)
and
hapcarke = Ocar Gk — Oapr Jearre — [Bcd’ l;qrb'k
~ Gark lB;c I + (B ok
+ G (Bia) it + 82€kimGatrmear (7.30)

In analogy with the decomposition of Maxwell’s field tensors given by
equations (7.21) and (7.22), we may decompose the Yang—Mills field
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strengths £, and k., ... in terms of dyad components ¥, and ¥, of
the symmetric spinors y gz, and Y ,z¢ as

fac’bd’k = Eab Zc’d’k + 6c’d' Xabk (7-3 1 a)
hocvar = €W ear + €caWapk (7.31b)

Generalized Yang—Mills fields and potential associated with dyons
can then be written as follows in terms of complex quantities:

Qavearc =Javrcar — Papcar = Ohy O oa Qi (7.32a)
Vaek = Pack = Yack = 0 e Vi (7.32b)

Equation (7.32a) is then written in terms of the following null tetrad
notation:

—_— r
Dt care = OcaQapk — O Qearc — |Vcd’ |aqrb’k

—Gark |V}c lZ’ + (Var ) eGrak

+ 4oV + O CmGaprmGea (7.33)
where V=4 —iB,
g =q,—ig, (7.34)
and
Qacvat = €apPear T €ca Pask (7.35)
b=y —iy (7.36)

The spinor ¢, is symmetric in its spinor indices a and b and consists
of 3 x 3 complex components @oor» Po1x = Prox> and Pyq, with k& =1,2, 3.
These nine components are again complex for the generalized theory of
dyons and their real and imaginary constituents are equivalent to the real
components of electric field strength f,,, and magnetic field strength #,,,.
Thus the components xoox > Xo1x = X10k> X11x> Yook > Work = Wiok> and Yy are
real-valued spinor components of the generalized spinor ¢ associated with
generalized electromagnetic fields of dyons. In the light of equations (7.21),
(7.30), and (7.31) we can write the components y, ¥, and ¢ as

Xox = Xook
=0 =B+ 7 —Dpooi — (D + €~ €~ P)Pork + Prok — kP11x

+ &1€mPoomPort (1.37)
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X1k = Yoik

= X1ox
=WV—ji+p—1—Dpeor —O+a—n—T—Bpor«
+O@+T+B+n—Opiox —D +p—p+e+Pux

+ &1€xim(PovmPr11 — PormPro1) (7.38)
Kok = Kk
= — Voo + APork +(V+v =V + Dpion
— (@0 +a+B—T)pii + & €umPromPr17 (7.39)

Similarly, the expressions for Y, ¥, and Y, can be written explic-
itly; the Yang-Mills field equation for the generalized gauge theory of
dyons is given by equation (5.13). This equation is self-dual in terms of
duality transformations given in Section 2. The spinor-equivalent form of
the Yang—Mills field equation (5.13) is written as

VAB’GED,AB’ = —g€um VAB’IGCD’AB’m + JED (740)
Thus we have
GEPAE = 2P By (7.41)
on using the self-duality of spinors, i.e.,
£ = V- —iy so that ¢ —¢ =2¥ (7.42)

while in general y and ¢ follow the duality transformation equation (2.8).
Thus equation (7.40) reduces to the following expression for the general-
ized Yang-—Mills field equation of dyons:

€D’BIVAB’/CA = — ZCm VAB’IGCD'AB’m + JED’ (743)

This equation resembles the Yang—Mills field equation of Carmeli (19774,
1982) on imposition of the following self-duality conditions for dyonic
fields:

A,—A4,; B,=—id, = V,=4,
Fo=F,=A4,,—A4,,; F4=F =k,  F" (7.44)
G, =F,, —iF%,
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so that
f;(—i—)CD’AB’ — GI%‘D’AB’ —_ 26 D’B’XJ(CZ‘A

From the foregoing analysis Carmeli’s (19774, 1982) equations can be
written by letting the magnetic potential vanish. Unfortunately, one-poten-
tial theory is not enough to describe particles carrying the simultaneous
existence of electric and magnetic charges, free from Dirac (1931) string
singularities in Abelian gauge theory. To remove arbitrary string variables,
a two-potential description of dyons is essential. On the other hand, in
self-dual Yang—Mills non-Abelian gauge theory, where monopoles appear
as classical solutions of gauge field equations, one is free tc choose a
one-potential description of dyons. But if one defines Yang—Mills theory as
the direct modeling of electromagnetism, two-potential description of
dyons in Yang—Mills gauge theory not only solves the singularity problem
of Abelian gauge theory, but also leads to dual dynamics between electric
and magnetic charges in internal space where they appear as the classical
solutions of Yang—Mills field equations. Second, the dyon field equations
remain self-dual invariant in Abelian and non-Abelian gauges.

Adopting the procedures of writing dyad components in terms of spin
coefficients explicitly, we write the generalized Yang—Mills field equations
of dyons in the following null tetrad notation:

0ok — D = (200 — M) — 2pPyic + Koy

+ 86 (Dot Viem — @1uVoom) + 20Jogr  (7.453)
01 — Do = Ao — 2npyic + (26 — D)o

+ 86im (D1 Viom — D2 Voom) + 2710 (7.45b)
Voo — 0¢1 = 2T — Wdor — 2T + 02

+ 86 DoiVivm — @1 Vorm) + 2ndo14 (7.45¢)
Vo — 0¢2 = Vhor — 26y + (28 — T

+ 26 (@1, Vi1m — @2 Vorm) + 2080114 (7.45d)

These equations are just the generalizations of our Maxwell-Dirac equa-
tions of dyons with the latter as described by Bisht ez al. (19915) in null
tetrad notations. Equations (7.45) are obtained by doubling Carmeli’s
equations and defining quantities like ¢, ¥, and J (as complex quantities)
associated with dyons carrying electric and magnetic counterparts as their
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real and imaginary constituents. Let us write the line element of
Minkowskian space-time {x*} in retarded (null) coordinates
xX=ux'=r,x?=0,x>=¢ as

ds? = du® + 2 du dr — r*(d0? + sin® 0 d¢?) (7.46)

where the retarded time coordinate takes the value u =¢ —r and use of
natural units ¢ = # = 1 is made throughout. In this null coordinate system
*, m*, and n* are defined as

=04
mt = 1//2r(8% + ifsin 0 5%) (7.47)
ne= o~ 1ot
This choice of tetrad yields the following values of spin coefficients:
e=k=n=0c=l=1=T=0v=0
p=2u=1/r ﬂ=—oc=1/2ﬁrcot9

and the directional derivatives get modified into the following explicit
forms:

(7.48)

D=3dfor; 5=1)/2rD; V=208/ou—10]or (7.49)
where
P =0/06 + ifsin 0 3/0¢

Substituting these expressions in equations (7.37)—(7.39), we get the fol-
lowing relationships between the generalized Yang-Mills potential and
fields of dyons:

Por = 1/5/2rD Vg — (3/3r + 1/r)Vor

+ g6 VoorVorm (7.50)
b = 2{(0/0u — 0 /0r Voo + 1/3/21[(D + cot 6)V

—(D +cot O)V gl — 8/0r Vi

+ 8 (Voot Vivm — VoritViem) } (7.5H
¢y = (0/0u —%5/5’ - %r)VIO’k - %"QZVH'/{
+ & Vot Vivm (7.52)

Similarly, the Yang—Mills field equations given by equation (7.45) get
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modified to the following equations of dyons:
@/or +2/n)éy,
= 1/3/21(T + cot 0o + Leim (Do Viom — G1ic Voom) + 2o0s  (1.53a)
(©/0u + —3r —10/0r)dy
=3rDPy; + 8etomi(Dor Vivm — D1 Vorm) + 20001 (7.53b)
@/for + 1/n¢y,
= 1/\/5’@4’11 — &&mi( D1 Viom — P2 Voom) + 21019, (7.53¢)
(0/0u —%d/or — 1/r)é,
= l/ﬁr(@ + cot ¢Yb2; + 8ekmi(P 1k Vivm — P Vorm) +20dyy (7.53d)

In order to seek the solutions of the generalized Yang-Miils field
equations of dyons, let us start with our complex field strength spinors ¢,

and @, and use Po = Poors Prx = Porx = Prox»> and Py = ¢y, and o4, is
a tetrad of null vectors with

=903
my= —r//2 (02 + ifsin 0 63) (7.54)
n, = %52 - %5;

The functions Voo, Vorws Views Vi are the potential isotriplet related to
V.. by
pk

v

ke = MVoor — M, Vore — M, Vigye + 1, Vi (7.55)

and Vg = Vigw. The angular dependence of the complex field strength
spinors ¢, ¢,, and ¢, is expressed as

$o~ D1,(6, §)
¢~ Dy,.(6, ¢) (7.56)
¢~ DL (0, 9)
and

Voo = D (6, ¢)

Vor- = D1,,(0, )

Vie® DL,,,(0, ¢)

Vi = D},.(0, ¢)

where D7, (8, ¢) are the matrix elements of a reducible representation of

(1.57)



Null Tetrad Formulation of Non-Abelian Dyons 2121

the group SU(2) in internal isospin space where the isospin index fixes the
second index of matrix elements D,,,. Thus

~ D7 . (0,
G041 1,+100, @) (7.582)
o3~ D{,0(9> é)

and

Bo.u1=1/\/2i(Po1 + 02);  Pos= o (7.58b)

To obtain the dyon solution, we take the J = 1 case and the assumption of
an r~! dependence of potentials. Then we get

Voor = 2a/grng (0, ¢); Vorr = ie/\/igr@nk(e, )
Viek = —ie/\/zgrgnk(ﬂ, ®); Vi = blgrne (6, ¢)

where a, b, and e are arbitrary real constants and #, (0, ¢) is a unit vector
given by

(7.59)

n.(0, ¢) = (sin 8 cos ¢, sin 6, sin ¢, cos §) (7.60)
along with the requirement ¢q, = ¢,, =0 and
w=(a+b+1i)2gr’n, (7.61)

The Yang—Mills potential and the field strength of dyons satisfy the
Yang—Mills field equations without sources on making Joy, Jyo, Jor-» and
Jy,- in equation (7.53) vanish. Thus the dyonic Yang—Mills equations
without sources are symmetrical and identical for electric and magnetic
potentials. Two sets of Yang—Mills equations of dyons (i.e., for real and
imaginary parts of dyonic potentials and field strength spinors) are the
same if one imposes the duality conditions (7.41)-(7.44). In this case two
potentials and field strength spinors of dyons reduce to one potential and
one field strength spinor, i.e.,

¢ =y, V=p, gw=fuw (7.62)

As such one can directly write the following forms of potentials and field
strengths:

Poc = (a-+b)/g - x*[r?

P =1/g{—€ux"/r* + (a + b)x'x*[r’}
Jo=—(a+b)/g - xx*r*

S = 1/g€gx"x [r*

where flat space-time coordinates are taken, x°=1,x'=x, x2=y, x*=z.

(7.63)
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Similar solutions can also be written for magnetic potential and field
strength if one takes ¢ ¥, V'~ ¢, and g,, ® h,,. Now choosing a = b and
a+b =e, one gets,

Poc=eg  xH]r?

Pi=—1/g €~ x'/r?

Jope = ~elg - X/xjr®

fijk =1/g- €in 'xnxk/"4
On the other hand, for the magnetic potential, we choose a =5 and
a+b=g¢q to maintain the duality between electric and magnetic con-
stituents. In the former case the potential satisfies the condition in Lorentz
gauge d, 4% = 0, while for the latter case it satisfies 9, B = 0. In both cases
the solutions reduce to the Yang—Mills solutions (Wu and Yang, 1969) of
pure monopole (electric charge) as well as the Julia—Zee (1975) solutions of
dyons. The constant e may be interpreted as g times the electric charge of
a dyon. Here g is the Yang—Mills coupling constant and is different from
the magnetic charge of Section 2. These solutions represent the field of dyons

which has both an electric (magnetic) charge e/g and a magnetic (electric)
charge 1/g. Maxwell’s field strength spinor for dyons then reduces to

(7.64)

e+
Go=¢>=0 and ¢1=—272§

For these solutions the Wu—Yang (1969) solutions are found by taking
electric charge e vanishing, while the Julia—Zee (1975) dyon solutions can
be written by modifying equation (7.64) as follows

s=pé=x%r-J(r)]er (7.66)
Af = pi = eaix®[rlk(r) — 1]/er (7.67)

The foregoing analysis shows that the null tetrad method of Yang—Mills
field equations can be extended well for particles carrying electric and
magnetic charges (dyons). To seek the solutions of source-free Yang—Mills
field equations one can impose the duality conditions between electric and
magnetic constituents. Our solutions and field equations of dyons resemble
the investigations of Carmeli (19774, 1982), with the difference that we
have formulated our theory from the beginning by means of two potentials,
while the later described the same in terms of one potential. Second, our
theory has two types of solutions in terms of two Yang-Mills gauge
potentials. The two-potential approach is necessary to remove the arbitrary
string variable in Dirac’s (1931) theory of the magnetic monopole. Conse-
quently the Maxwell equations without sources are symmetrical. We do not

(7.65)
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find any use of two potentials in order to seek the solutions of source-free
Yang—Mills equations. Still one is free to describe any one potential for
seeking the dyon solutions. As such, two-potential theory is the conse-
quence of the Abelian gauge theory of dyons, while one Yang—Mills
potential is sufficient in non-Abelian gauge theory where monopoles appear
as classical solutions of Yang—Mills source-free equations. The two poten-
tial approach describes well the duality between electric and magnetic
constituents even in Yang—Mills gauge theory and the solutions of Yang—
Mills equations having both electric and magnetic charges.
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